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Abstract 

We compare the rate of convergence to the time average of a function over an integrable Hamiltonian 
flow with the one obtained by a stochastic perturbation of the same flow. Precisely, we provide 
detailed estimates in different Fourier norms and we prove the convergence even in a Sobolev norm 
for a special vanishing limit of the stochastic perturbation. 
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1 Introduction 

The time averages of functions with respect to the flow of Hamiltonian systems are extensively studied in 
Ergodic Theory and Hamiltonian Perturbation Theory. In particular, the averages over integrable flows 
are commonly used as generating functions of averaging canonical transformations. In this setting it is 
well known since Poincare that resonances related to the so-called small divisors represent topological 
obstructions to the regularity of the time averages in open sets of the phase-space. The celebrated KAM 
and Nekhoroshev Theorems ([6], pQ, [8], [9]) overcome this problem with a refined use of algebraic as 
well as geometric treatment of small divisors. More recently, the so-called weak KAM theories (see [3], 
[7], [3]) have studied the problem by new perspectives, based on variational and PDE regularizations by 
viscosity techniques. 

In this paper, in order to estimate the rate of convergence to the time average, we exploit a cor- 
respondence between standard viscosity regularizations of PDEs (see for example [5]) and the averages 
of functions over stochastic perturbations. We prove that a vanishing stochastic regularization of the 
time average over an integrable flow converges to the time average in a Sobolev norm accounting the 
first derivatives. Precisely, let us consider the integrable Hamiltonian system with Hamilton function 
H(I,ip) := h(I), defined on the action angle phase space Ax T", where A C W l is open bounded and 
g(I) := V/i(J) is a diffcomorphism over A such that 
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V/ £ A, for some positive constants C, D, m > 0. We will also denote by A > a Lipschitz constant for 
g in the set A. 

For any smooth phase-space function /(/, tp), we consider its finite-time average 

ftf (I, V))dt, (2) 

where (/>*(/, <p) = (I,<p + g(I)t). By denoting with 

f{I,ip) := ]T fkWe*-*, G T (I, V ) := £ G^e** 

the Fourier expansions of / and G T , we have 

'fk(I) if*. fl (J)=0 



Gfe (/) 



e ik-g(I)T _ i 



With evidence, if ^ for a suitably large -that is generic- set of indices k £ Z", the presence of small 
divisors fc • g(I) represents an obstruction to the regularity both for G T and for its limit 

/(/,¥>):= Urn G T (I, ip). (3) 

T— S-+OQ 

We remark that the Fourier coefficients GjT (/) are similar to the Fourier coefficients of 



whose e-time flow <^ formally conjugates the quasi-integrable Hamiltonian system 

H e (I,<p)=h(I)+ef(I,<p) 

to its first order average 

(H e o 0« )(/, = />(/) + e/ (7) + G(e 2 ). 

Of course, x an d G T are affected by the same convergence problems. 

We assume from now on that / is smooth and with generic Fourier expansion. Precisely, let us 
introduce for any k £ II 1 the resonant manifold 

Tl k = {l£A: k-g(I)=0}, (4) 

as well as 

K k (f) = {l£A: fc- S (/) = and |/ fc (/)| > 0}. (5) 
Then, we assume that the set 

W)= (J ( 6 ) 

fc6Z"\0 

is dense in A. 

We now consider the regularization of G T based on a vanishing stochastic perturbation, previously 
introduced in [5] by following a technique described in [5]. More precisely, let (CI, J 7 , P) be a probability 
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space and wt ■ ^ — > M n a 71-dimensional Wiener process. Then, we obtain a stochastic differential 
equation by perturbing the Hamilton equations with a white noise 



U = o 

\tp t =g(I) + 2vw t 

whose flow is (p,u>) = (I,<p + g(I)t + 2vwt{oS))- As in [2J, for fj,, v > we introduce 
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In the previous formula, M^j^ represents, for (/, (/?) fixed, the average on all the trajectories of the 
Brownian motion ([7]). while the exponential damping e _Alt allows us to interpret F^ ,v as an effective 
average over a time interval of some multiples of l//i (see [5]). Moreover, in this paper this factor will 
play an essential role to ensure the convergence for (ix, v) — > (0, 0). 

In order to study the convergence properties of G T and F^' v to the time average /, we introduce 
specific norms on A x T". In more detail, for any function u(I,(f) = X^-eZ" u k{I)e on A x T™, the 
uniform Fourier norm 

M 00 := E ^p K(')l 0) 



as well as the norms obtained with averages over the action space 

M° ■= E / 
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Let us remark that, by considering the usual L 1 and Sobolev W 1 ' 1 norms on A x T™, in particular 

\\u\\ w i.i = 

and we have 
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The paper presents the following results. In Proposition 12. 11 we first prove that for a generic /, both 



G and do not converge to / in the uniform norm 



but they converge to / in the 



norm. 



The main result, given in Proposition 12.21 concerns with the stronger norm | • | : while the finite time 
average G T does not converge to / in the | • | norm, we have 

lim \F^' Vi - /I 1 = 

i— >+oo 

for any sequence /x^, Vi converging to zero and such that limj^+oo 77- = 0. 

The paper is organized as follows. In Section [2] we state Propositions 12.11 and 12.21 on the convergence 
of the regularized averages. Section [3] is devoted to proofs. 
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2 Convergence results 



Let us consider a phase-space function /(/, <p), its finite time average G T and its time average / defined 
in ^ and ([3]) respectively. In [5] we have introduced two different approximations of G T offering a better 
notion of approximated first integral. The first one is 
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/(#(/, <p))e-" t dt, 
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with /i = f/T, while the second one is F^'", whose definition recalled in Section [T] (sec ©), comes from 
the above stochastic setting. Let us remark that represents an intermediate step between G T and 
f'", in the sense that it is an exponentially damped average of / with respect to the integrable flow, 
that is, F^ = F^' . However, the improvement in the convergence properties to / is obtained only for 
v > (see the propositions below). 

We first discuss the convergence of the above approximated first integrals G T , F M and F^- v to the 
time average / both in the uniform Fourier norm | • |°° -see ©- and in the action-averages based norm 
| • |° given in (|I0[) . In particular, we prove the next 

Proposition 2.1 The functions G T , F^ and F^'" do not uniformly Fourier converge to f in any set 



B x T" with B C A open, but converge to f in the 

4C"" 1 
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f\°< 
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norm on A x T™. Precisely, we have 

3 + log(||fc||TC) 
T 



\ F n _ /|0 < 
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As it arises from the previous proposition, the three different finite-time approximations G , F^ and 
behave in the same way with respect to the | • |°° and | • | norms. Indeed, the difference consists 
in the convergence in the | • I 1 norm given in (fTTj) . In such a case, the G T , F^ do not converge to /, and 
it is remarkable that the convergence of F^' u is obtained only in a special limit of vanishing stochastic 
perturbation, as stated in the proposition below. 

Proposition 2.2 The functions G T and F^ do not converge to f in the | • I 1 norm on any set B x T n 
with B C A open. Differently, for any fj., v > the function F^' v satisfies 



If/*:" _ f\ 



on A x TT 



we have 
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In particular, for any sequence [ii, i>i > converging to zero and such that 



i/*r 

(16) 



lim 

->+oo I/j 



lim 

-^+00 



0. 



/T = o. 



Let us remark that the convergence of F to / requires a restriction of the sub-sequences fii, Vi because 



in (|16[) we find contributions proportional to 



p,+v\\k\\ 

dominant in (|15[) converge for (p-,v) —> (0,0). 

The proofs of Propositions 12. f[ 12.21 are reported in Section [3J 



, while the contributions fi log 
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3 Proofs 



The different time averages ©, (TT21 and © can be alternatively expressed in terms of their Fourier 
coefficients, as discussed in the following technical 



Lemma 3.1 Let us consider 



feez™ 

The Fourier coefficients of 



(17) 



are respectively 



fk(I) 



GUI) 



fk(I) 



,ik-g(I)T _ 1 

ik-g(I)T 



ifk-g(I) = 
ifk -9(1)^0 



and 



K(i) = "A* 



ik ■ g{i) - M 

AW 



ifc- ff (J)-//-z/||fcP 

Proof. The first equality easily follows from (|2|) and (|T7|) by direct calculations. Indeed 



G T (7,, 



Moreover, from 



T I 



e ik-g(I)T _ i 

I ik-g(I)T 

we immediately obtain formula (fT8]). Similarly for (fl9)l 

f + OO 



if fc • g(I) = 
if fc ■ g(I) ? 



F»(I,<p) = ft f{<t> t (I,<p))e-» t dt = l i V fkiiy^e^W-^dt 

■Jo Jo fcez „ 



/' 



/■+OC 

V fk(I)e lk - v / e^oW-^dt = -/iV — 



AW 



We conclude by proving the equality (j2T))) . We first take into account ©, so that 



/ /($t(/,^w))e-"*di= £ AGD^'* 3 / 1 
J o fcezn Jo 



,{ih-g{I)-n)t e 2ivk-w t (u) ^ 



(18) 

(19) 
(20) 



5 



As a consequence -see ([SJ) — we obtain 



F»> v (I,<p) = nM (ItV) ( f(&„(I,<p,u>))e->*dt 



+ OQ 



»J2 fkWe*-* I \[ 



e (ik-g(I)-n)t e 2ivk-w t (u) ^ 



P(doj) 



n 



P(duj) 



dt. 



(21) 



Since u>t ■ £1 — > K™ is a n-dimcnsional Wiener process, the corresponding covariance matrix R(t) 
Rij (t) = tSij and therefore 



2ivk-w t {u) 



P(du 



-v\\k\\ 2 t 



Therefore, from equation (j2Tj) we have 



p+oa 

F»' v (i,tp) = n v f k {iy k ^ / e (*9(')-M-Hifcii )tdt = -/i v — 



ff (/)- M -^||fc|| 2 



□ 



The next sections are devoted to the convergence results, in three different norms, of G T , and F^ ,v 
to the time average / dchncd in (J3J. From (|18|). we immediately obtain / = X^-ez™ fk(F)e lk ' ip , with 



/feOO 



iffc-. 9 (/) = o 

if & ■ ,g(7) ^ 
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3.1 Proof of Proposition I2TT1 

We start by proving that G T does not converge to / in the uniform Fourier norm. Let us consider 



fceZ" 



From fjlHfl and (j2"2")l we immediately obtain 



(G T -f) k (I) 



fk(I) 



e ik-g(I)T _ 1 

ik ■ g(I)T 



if k ■ g(I) = 
if k ■ g(I) ? 



(23) 



Since the set IZ(f) defined in ((6]) is dense, there exists a dense set of points I £ A such that k ■ g(I) = 
and |/fc(-T)| > for some k £ Z"\0. Since g is a diffeomorphism, we have 



lim 

I£R k , i-n 



,ik-g(l)T _ x 



ik-g(I)T 



= lim 



e UT - 1 



iJT 



y/2[l - cos( JT)} 

lim — m — = 1; 



and also 



sup 

l£A\K- k 



ik-g(I)T _ i 
fk(I)- 



ik-g(I)T 



> lim 



J->0 



ik-g(I)T _ 1 

AW 5 ? 



ik-g{I)T 



\fk(I)\ 



As a consequence, 



fcez> 



7€A 



G 



that is, G T does not uniformly Fourier converge to / in any set BxT" with B C A open. 
We proceed with the same discussion for . By denoting 



from (HU) and (gj) we have 



ik-(p 



o 



AO) 



if fc ■ g{I) = 
if k ■ g(I) 



(24) 



ik ■ g(I) — /i 

By considering as before / G TZ{f) such that k ■ g(T) = and |/j.(-0| > Oj for some fc 7^ 0, from 

fail) 



Um 
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have 



ik ■ g{!) - M 

1^ - ;r = E su p I - fW)\ > \fk(I)\ > 



that is, does not uniformly Fourier converge to / in any set BxT" with B C A open. 

We conclude the first part of the proof by showing that also F^' v does not uniformly Fourier converge 
to /. Indeed, in such a case, formulas (|20p and (f2"2"|) give 



(F^-f) k (I) = { 



, ^ifc • g(I) — [i — ^||fc|| 2 



(i + v\\k\\ 2 
fk(I) 
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if k ■ g(I) = 



if k ■ g(I) £ 
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By considering again k ■ g(I) = and |/fc(-0| > with k 7^ 0, and sequences (fii, Vi) — > 0, we discuss the 
following two cases. 



(i) If limi_i. +00 = 0, we have 



lim lim \{F^ - /) S (/)| = lim 



(m) On the contrary, if the sequence jf- does not converge to zero, we consider 
\ {F w -f)- k {I)\ = \f- k (I) 

which does not converge to zero as i tends to infinity. 

As a consequence of all previous cases, we conclude that F^ ,v does not uniformly Fourier converge to / 
in any set B x T" with B C A open. 

We proceed by discussing the convergence to / in the | ■ |° norm. Since g : A — > R" is a diffeomor- 
phism, the set of all resonances 1Z := Ufcez™\o^' fc nas measure zero. Consequently, the norm | • | can 
be rewritten as 

H°= E [jMWi 



Hi + Vi\\k\\ 
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LL4 + Vi fc 
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where 

A := A\TZ = {I e A: k- g{I) ^ for all k <E Z™\0}. 
We first prove limT-i-+oo \G T — f\° = 0. From (|18|) and (|2"2l we immediately obtain 

e ik-g(I) _ y 



(26) 



so that 



(G 1 - f) k (I) = h{I) 



\(G T - f) k (l)\dl = 



ik- 9{ I)T V/£A 

e ik-g(I)T _ y 



fk(I)- 



ik-g(I)T 



dl 



< \fk\ 



sin 2 (fc ■ g(I)T) + [cos(fc • g(I)T) - 1] : 



\k-g(I)\T 



dl = \f k 



y/2[l - cos(fc ■ g(J)T)" 



di". 



Using the change of variables 
and assumption (TT|), we obtain 

\(G T -Mi)\di<\f k r 



I^J:= g(I) 



y/2[l - cos(fc • g(I)T)} dI < LffeT 



9(A) 



v /2[l - cos(fc • JT)] 
|fc- J|T 



(27) 



dJ. (28) 



Let now 6i, . . . , c n be an or t honor in al basis of lR n with k £ {&2-> • * • 3 

) and R a rotation matrix such 

that Rk = \\k\\ei (the dependence of the basis and the rotation matrix on k € Z" is here omitted). By 
the further change of variables 

J i-> x := RJ (29) 

the quantity k ■ J in ((28)) becomes k ■ J = \\k\\ x\, and for any a; in the integration domain Rg(A) we have 
x = Rg(I) with I £ A and ||x|| < ||y(-0|| < C. As a consequence, we obtain 



\{G T -f) k {I)\dI< 



\fk 



^/2[1 ~ cosjk ■ JT)} dj _ \frf 



9(A) 



\k-J\T 



m jRg(A) 



< 



\h\°°C 



n-l f-C 



^[l-cosdlfeHnT)] , _ |/ fc |°°<7 



oo r^n .— 1 r || & || CT 



-c \U\xi\T 



m\\k\\T 



Ak\\CT/2 


sin y 


l-\\k\\CT/2 


y 



dy 



m\\k\\T 



v / 2[F r cos(ppiT)] 
^2(1 - cosy) 



dxi . . . do;^ 



-||fc||CT 



Ij/I 



dy 



m||/s||T 7 



smy 



dy 



< 



4|/ fc |°°C" 
m||fc||T 7 



/■27T 


siny 


la 


y 



dy 



with Z := Jo' 



dy < 3. Consequently, 



oo/^m— 1 



po+logOTTC)] (30) 



^1 i* loo/^n - 1 

|G T -/|°< £ 'I'nui^ [3 + log(||fc||TC)] 



m||*||T 



proving that G T converges to / in the | • | norm. 

We conclude the proof with the convergence of F M and F^" to /. By using formulas (|20[) and (|2"2"]l . 
we have 
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Hence 



_\(F»>» - f) k (l)\dl = n 
< H\fk\°° f 

J A 



\fk(I)\ 



A y/(» + is\\k\\*)2 + (k-g(I))* 

1 



dl 



-.dl 



}A^{n + u\\k\\ 2 ) 2 + {k-9{I)Y 
The same changes of variables of the previous case, see and provide 

..l loo^n-l pC 

\(F^ - f) k (l)\dl < ~ 



™> J-C + H|fc|| 2 ) 2 + ll fc H 2 ^? 



dx\ 



-CIX = 



m\\k\\ 



-dx 



m\\k\\ 



o VTT 



-.dx 



VT 



zdx 



< 



2n\h\°°c n - 1 



h + 



llfclic 
M+Hlfcll 2 1 



rf.r 



= 2 At |/ fc |°°C* 
m||fc|| 

with /i := arcsinh 1 < 1. Consequently 

o/on— 1 
v 7|0 /L/ 



«i + log 



(31) 



l^-" - /|° < 



E ia 



11*11 



1+log 
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and for !/ = 0we obtain also (|T4| . 

Inequalities (fT5)l and (fT3)l respectively prove that F^'" converges to / for (p,, v) — > (0, 0) and 
converges to / for /x — > in the | • | norm. □ 

3.2 Proof of Proposition EH 

Let us consider any open set B C A. Since g : A ^ M. n is a diffcomorphism, the | • |* norm in B x T™ 
-see (fTTj) - can be rewritten as 



i 1= E I /.KW+E /- 
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with B = B n A, see ((26)) . 

We first prove that G T does not converge to / in the set B x T". It is sufficient to prove that there 
exists e > such that for any large T we have 



EE 



From (JTSJ and ([2"2"]l. for any I € B we have 



(I) 



dl > 



(32) 



(G T -/)*(!) 



AGO 



e ik,g(I)T _ 1 

ik ■ gjljf 



if 7^ k e Z" 
if fc = 



9 



so that 



dGl df k 

aij di 3 



df k e^ T -l _8_ f e^)T _ i 

(I)=i dl 3 [ > ik-g(I)T +M } 3I 3 V ik-g(I)T 



if ^ k G 
if fc = 



(33) 



We notice that the first addendum in ([33)) tends to 0, that is 



lim 

T->-+oo 



a/* (J) e* ,(I)T -i 



97,- w iJfc • g(7)T 



d7 = 0. 



Indeed, by using the changes of variables ([27} and (j29[) as in the proof of Proposition 12.11 -see also (l30l) 
we obtain 



% e^'^-1 



dlj y ' ik- g(I)T 



dl < 



df k 



AC" 



fcllT 



[/o + log(||fc||TC)]. 



As a consequence, it remains to study the other term of the equality f|33[) . precisely 

g / e ik-g(I)T _^ 



EE [ \Mm 

3=1 fcez" JB 



dl 3 V ik-g(I)T 



dl 



n p 

= EE /JAWi 



_9_ 



s/2+{k- g) 2 T 2 - 2fc ■ 5 Tsin(A; • gT) - 2 cos(fc ■ gT) 

W~gWr 



E /- i^( J )i 



di 



a/2 + (fc • g) 2 T 2 -2k-gT sin(fc • gT) - 2 cos(fc • 5 T) 



(fc-a) 2 T 



dZ 



where 



% 5 
9/ 



1 j=i 



i— 1 J 



E 

i=i 



97, 



(i* • g(I)) 



Since is dense in A, there exists 7 G B n 7£(/) such that fc • 5 (7) = and |/fc(7)| > for some 

k G Z"\0. In particular, there exist 5, Aj., A2 > (independent of T) such that the closed ball 

B S (I) = {I: ||7-7|| <5} 

is contained in B, and also for any 7 G B${I) we have 

1/feCOI > Ai 

and 

F)n T 

> A 2 . 



mm 

IMI=i 
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Let us remark that the constant Ai satisfies < Ai < |/fe|°°- The constant A2 is indeed strictly positive, 
since otherwise there would exist u ^ with ^ u = 0, which is in contradiction with ([T]). From ([1]), 



there exists also a constant M > such that 



< M 



(34) 
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for any I £ A. As a consequence, we have 

g I e ik-g(I)T _ 1 

i=ij 



EE /- l^sc-oi 

■ 1 - „ J B 



dlj \ ik-g(I)T 



dl 



/• y/2 + (k ■ gfT 2 - 2k ■ gTsmjk ■ gT) - 2cos(fc ■ gf) 

>AlA 2 fc / ~ 7T yPf dl. 

By performing the change of variables J := g(I) and using (|34[) . the above term has the lower bound 

AiA 2 „,„ f J2 + (k ■ J) 2 T 2 -2k- JT sin(fc ■ JT) - 2 cos(fc • JT) , 
ll fc ll / 71 7^7? dj, 



M " "J g{ B 5( I)) (k-JfT 
which, using the additional change of variables x := RJ as in (|2T)|) . equals to 



/ 



AlA /■ A /2+||fc|ra;2r 2 -2||A : || Xl Tsin(||fc||x 1 T)-2cos(||fc||x 1 r) 

<fx. 



M "jR g( B si I)) WkfxlT 
We consider 6 > possibly depending on fc, J (but independent of T) such that 



so that we have 



Ai A2 



M 



x : max x, — Rg(I)j\ < S > C Rg(B$(I)), 

j=l,...,n 



^2+ \\k\\ 2 x\T 2 - 2 ||fc|| xiTsin(||fc|| xiT) - 2cos(||fc|| x x T) 
Rg(B s (i)) \\k\\ x\T 



A1A2 „, „ ! V 2 + ll fc H 2 5^ - 2 H fc ll x x T) - 2cos(||fc|| Xl T) 
>— —\\k\\5 I j dxi_ 

jRg{I)i-6 \\k\\ x\T 



AI 



A1A2 5 „_x rm\nR9(ih+V v /2 + y2_2j/sinj/-2cosy 

'llfcHTCflsC/)!-*) 



We remark that, since the change of variables (|29p is performed by a matrix i? such that Rk = \\k\\ <=i, 
so that 

Rgtf! = e x ■ Rg(I) = -±-Rk ■ Rg(I) = ^k ■ g(T) = 0, 

we have 

AiA 2Jrl _ 1 f\W\nR g (ih+S) ^2 + y 2 - 2y sin y - 2 cos y ^ _ X 1 A 2 f^ T ~ s ^/2 + y 2 - 2ysmy - 2cosy ^ 



M JwkwnRg^-s) y 2 M J-\\k\\Ts y 2 

Since for any ygK we have 

2 + y 2 -2ysiny-2cosy> —— ■ — , 

4(1 +y 2 ) 

we conclude 

AiA 2 ^ n _ 1 [ mT ~ S V2 + y2-2ysmy-2cosy X^-^ C^ T ' S 1 

m J-\\k\\T8 y 2 2M J-\\k\\T6 yiTF 
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m Jo yr+^ M 



Since 



lim arcsinh(||fc|| T5) = +00, 

T— H-00 



with a suitable definition of e, one immediately obtains (|52"j) . 

We proceed by proving that does not converge to / in the set B x T". It is sufficient to prove 
that there exists e > such that for any small [i we have 



EE 



9F£ df k 



(I) 



dl > 



(35) 



From ([Ml) , for any / G B we have 

so that we have to estimate 

By direct computations we obtain 



E E 

j=l fc £ Z"\o 



Mi) 



ik-g(I)- n 



if ^ k G Z' ; 
if ft = 



E E 

j=i feez»\o" 



* = E E * 

i=i fceZ"\o 

- E E m 

j=l k£Z n \0 
n 

^ E E m 

3=1 feeZ"\o 



1 



dJ. 



1 

b • g(I) - fi\' 
1 

b |ifc • #(/) - jtiC 



• .9(1) - H) fk(I)-gj-(ik ■ 9(1)) 



dl 



9A 



^■9{I) W .-fkk- Wj 



dl. 



dl 



(36) 



As before, we consider / G B n H(f), so that there exists ft G Z" such that k ■ g(I) = and | //,-(/) | > 0. 
In particular, there exist 6, Ai, A2 > (independent of T) such that the closed ball 

B S (I) = {I: \\I-I\\ < S} 

is contained in B, and also for any / G Bs(I) we have 

IA(-0l>Ai, 

and 

> A 2 . 



mm 

ll«ll=l 



dl 



Since A > is a Lipschitz constant for g in the set A, for any / G B$(I) we also have 

\k-g(I)\ < \\k\\XS. 
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The series in ([3"fJ| has therefore the lower bound 

n . 

E 

i =1 feez™\o 



> 



^E 



i& • ,g(7) - n 
1 



iJb s (i) \ik ■ g(I) - n\" 



7 lT \ d fk r , dg 



Bs (I) \ik ■ g(I) - n\' 



> AiA 2 ||fc||// 



IM 



i 



a/ 

97 



n „ 

d/- M E / 



1 



~[Jb s {I) \ik ■ g{I) - n\ 



B 6 (I) \ik-g(I) - fx\ 



^-rfMgt )/ £ 



(II 
(II 

s\k-g\ 
l 



0/* 



a/,- 



a/ fc 



a/, 



\\k\\ti 



B S (I) \ik ■ g(I) - nY 



iB s {I) \ik ■ g(I) - n\' 



rdl. 



dl 



rdl 



First, we remark that in the case Y^=i | ar | > Oj ^ ^ s not restrictive to choose 5 satisfying 

A1A2 



5 < 



2ae;Li 



dfk 

on 



so that we have 

n 

E E ^ 

i =1 fcez™\o 



1 



~ k . a (I)^-f-k-^- 



d/>^||fe||^ 



1 



Then by performing the change of variables J := g{T) and using (|34p we obtain the lower bound 



Ai A2 



11*11." 



1 



b 5 (j) \%k ■ g{I) - fi\ 
Ai A2 



- 2M 11 "' 



2M 



11*11 /< 



fl (Bi(/)) ^{k- J) 2 + n 2 



g(B s (I)) \ik-J- nY 
dJ 



T dJ 



which, by the additional change of variables x := RJ as in (|29[) . can be written as 



Ai A2 
~2M 



11*11 A* 



-.dx. 



Since there exists 5 > possibly depending on fc, J (but independent of (i) such that 



we obtain the lower bound 
Ai A2 



2AI 



||fc|| 



x : max - flffOOi < S f ^ Rg(B s (I)), 

j=l,...,n 



Rg{B 5 {T)) ^/||j fe || 2 a; 2 +A4 2 



2M 



\\k\\ 2 x 2 +fj, 2 



zdxi 
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Since we have 



AiA 2 f— 6 1 AxA 2 ||fc||~ 

/ -ay = arctan 6. 

2M J_SMs 1 + V 2 M yu 



11*11? 

lim arctan o = — , 



with a suitable definition of e one immediately obtains (|35[) . 

We conclude our proof by showing the convergence of F^ ,v to / in A x T" on sequences (//j, z;,) — ^ (0, 0) 



such that 



lim — = 0. 

i-s>0 Vi 



(37) 



We first provide an estimate on the different contributions to 



fcgZ« j=l •'■A 



The first term — /|° has been already estimated (see (TT5)) ) 

2C"- 1 



|jw - /|° < 



E I/* 

;GZ™\0 



II fell c 



/i + z/ 



(38) 



Then, for any I £ A, from (|25p we have 



ifc • g(I) -n-v\ 



if ^ fc e Z" 
if fc = 



so that we need to estimate 
dl = fi 



a// ik-g(I) -M-^j|fc|| 2 3/j Vk-g(I) - [i - v\\k\\ 2 



dl 



for any fc 6 Z n \0. By using the changes of variables (|2"T|) and (I2TJ1) as in the proof of Proposition 12 . 1 1 -and 
proceeding as in estimate (|31[) - we obtain 



* E E 

fceZ"\oj=i 



97/ ; ifc. 5 (/)-//- I / i ||fc||2 
Using ([T]) we first obtain 



2C" 



■;?) 



E E 

fceZ"\o \i=i 



a/A 



a/,- 



11*11 



l + log 



^ + HI*|| 2 . 

(39) 



E Em 

feeZ"\oj=i ' 



d 



dlj \ik ■ g(I) — [i — Hl*ll 



dl 



< E E/W /. 

'---Z"\o i=i 



1 



< E mIM°°" 2 ii*ii / 

fceZ"\o ^ 



A | ? fc-. g (/)-/i-^||fc||2| 2 
1 



dl 



< A (k-g{I)y + {n + V \W) 



:dl. 
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then using the change of variables (j2"T)l and (|29p we have 

J2 n\fk\°°n 2 \\k\\D J 



feGZ"\0 



A {k-g{I)Y + {n + v\\m 



:dl 



< 



E ^im°°wm/ 



< 



E 



n 



dJ 



-\fkr\\k\\n 



C ||fc|| 2 x2 + ( At + v ||jfe||2)' 



^ E — - — 



INI 



£™\0 



■m 



(M+Hi*u 2 ) 2f Vo 



/X 



E 



\fk 



/' 



•\o 



(M+^||fc|| 2 )' 

II II c 
mT^PhF 1 



■a: 2 + l 



* — ' TO 

fcez™\o 

From the previous inequality, we obtain 



(M + H|fc|| 2 )io 



(ji + v\\k\\*) 



arctan 



1 + jy 2 
llfcllC 



dy 



E E^ 



/fc(I) ^ Gfc- 5 (7)- M -z,p|| 2 



d7 < 



E ia 



fcez™\o 



/i + v J|fcj 



(40) 



ii a j 



In order to conclude the estimate of \F fJ, ' L ' — / it remains to consider 



E E 

feeZ"\o j'=i 



ifc • fir (7) - ^ - is t \\k\\ 2 



dl. 



This term is estimated by using the changes of variables (|27| and (|29|) , so that 

h{i) 



E EmIM /. 



i fc- ff (7)-/i- I ,||fc|| 2 
2nC m ~ 1 



fcez™\o 3=1 



r, i+log . iifciic 



< 



E IM 00 " 



fceZ™\0 



1 +loe 



\\k\\C 
fx + v\\k\\ 2 



fi + v\\k\\ 



(41) 



By collecting inequalities (|55]). ([Ml) . (|4"0)l and (gj), we obtain 



m 



E ih^ 



•\o 



fl + is\\k\\ 



+ ^ n27r - D ^7Ti72 IA'I°° + n M 



1 + log 



ll*| 
\\k\\C 



1 + log 



\k\\C 



H + v\\k\\ 



E 



97, 



< 



2C ,; 



E 

feez™\o 



1 + log 



ti + v\\i 



(i+n)\f k r+Y^ 

3 = 1 



//+ ^||fc|| 2 

df k 



\fk 



dL 



1 



-n 2 7r7>- 



H + v\ 



\fk 
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so that (fT6"|) is proved. Since for fi, v > and \\k\\ > 1, we have 

M log " 1 <^log- < L Ulog- 



and 



from (|16[) we obtain 



< 



+ v \\k\\ v 



feGZ™\0 \ 3=1 



a/* 



9/3 



1 



n 2 itD \f k 



Therefore, for any sequence pn, v\ > converging to zero with fa/vi converging to zero, we have 

lim - / I 1 = 0. 



The proof of Proposition 12 . 21 is concluded. 



□ 
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